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:ationary filtration in partially saturated porous media

van Duyn & L.A. Peletier

ACT

From the mathematical formulation of a one-dimensional flow through a
.ally saturated porous medium, we arrive at a nonlinear free boundary
.em, the boundary being between the saturated and the unsaturated re-

s in the medium. In particular we obtain an equation which is parabolic
1e unsaturated part of the domain and elliptic in the saturated part.
Existence, uniqueness, a maximum principle and regularily properties
yroved for weak solutions of a Cauchy-Dirichlet problem in the cylinder
2): 0<x<1, t=20} and the nature, in particular the regularity, of the
boundary is discussed.

Finally, it is shown that solutions of a large class of Cauchy-

thlet problems convergettowards a stationary solution as t + « and

1ates are given for the rate of convergence.

JORDS & PHRASES: nonlinear elliptic-parabolic equation, free boundary,
existence, uniqueness, maximum principle, regularity,

asymptotic behaviour.

1is report will be submitted for publication elsewhere.







1. INTRODUCTION

During the last two decades a great deal of progress has been made on
the mathematical analysis of flows through porous media [1,2,3,5,6,9,10,11,
12,14,15,18]. Much of this work, however, has been concerned with flows
which were either completely saturated or completely unsaturated. In this
paper we shall consider the flow of a fluid in a porous medium which is
only partially saturated. This leads to a free boundary problem, the bound-
ary being between the saturated and unsaturated regions. In the context of
ground water flow this interface is called the water table.

Consider a homogeneous, isotropic and rigid porous medium filled with
a fluid. Let g denote the macroscopic velocity of the fluid and c the volu-
metric moisture content. If c is the moisture content at saturation, we

have 0 £ ¢ < c. Then the flow is governed by the confinuity equation

dc . _
§E+d1vq—0 (1.1)

and Darcy's law
q = - K(c) grad 9, (1.2)

where K is the hydraulic conductivity and ¢ the total potential (hydraulic
head) (cf. BEAR [4], p.488, RAATS and GARDNER [17]). If absorption and chem-
ical, osmotic and thermal effects are ignored, ¢ may be expressed as the sum
of a hydrostatic potential y due to capillary suction and a gravitational
potential [4]. Thus, if we choose the z-coordinate along the gravity vector,

we may write

o =y + z. (1.3)




2
liminating g and ¢ from (1.1)-(1.3) we obtain

o9c 9

— = i 4+ — .

5t div(K(c) grad ¥) 52 K(c)

Between the variables ¢ and § there exists an empirical

1ich can be quite complicated because of hysteresis effects.

1all ignore these effects and assume that we may write ¢ = c

i) ify <0, 0 £ c(¥) <‘E and c is strictly increasing;

ii) ify > 0, c(y) = c.

Juation (1.4) now becomes

) X
S£ o) = Aiv(DW) grad ¥) + ziiz D ()

here D = K o c. Note that in the saturated region (1.5) redy
Ny = 0.

hus, equation (1.5) is of elliptic type in the saturated reg
arabolic type in the unsaturated region. Across the boundari
hese regions one would expect c and g to be continuous.

In this paper we shall restrict our attention to one-dim

or which K(c) = K Then (1.5) becomes

0°

() =V or

XX

here subscripts denote differentiation, and KO has been set

Let Q. = {(x,t) :0<x <1, 0<t <T} where T is some

onstant. Then ous object is to study the Cauéhy—Dirichlet pr

(c(u))t =u in QT
I) u(0,t) = -1, u(l,t) = +1 for 0 <t <T
1c(u(x,0)) = vo(x) for 0 < x £ 1,

here the function c: [-a, ) - [0,1] (a = 1) satisfies the f

heses.

la. c(s) is Lipschitz continuous and strictly increasing on

ver dc(s)/ds > 0 whenever it exists on (-a,0);




:1(s) =1 for s 2 0.

\s regards the initial value Vyr We assume that there exists a function

),1] > R which satisfies the hypotheses

1. is Lipschitz continuous on [0,1];

0
10(0) = -1, uo(l) = +1 and uo(x) > -a on [0,1],
:hat

c(uo(x)) = VO(X) for 0 < x £ 1. (1.9)
>uld be observed that since c'(s) = 0 for s > O, Uq is not uniquely
1ined by v..

0
e approach to Problem I is to assume the existence of an interface
‘t), to solve (1.6) on both sides of it and then to patch the solutions
ler at the interface, using the continuity of ¢ and g = “u- This leads
:ondition from which the function r then can be determined [7].

\nother approach is to define a class of weak solutions on the entire
ler éT' to establish their existence, and to show that they have prop-
5, which are to be expected of physical flows [13]. It is this second
ich which we shall adopt in this paper.

Inspired by the class of weak solutions defined by OLEINIK, KALASHNIKOV
JI-LIN for the porous media equation [14] we introdﬁce the following

1 of weak solution.

[TION. A function u(x,t), defined a.e. in 6T’ will be called a weak

.on of Problem I if (i) c(u) € C(§T), u possibly redefined on a set

isure zero, (ii) u - u € L2(O,T;Hé(0,1)), where u(x) = 2x-1 and (iii)
_sfies the identity
1
IJ {¢Xux - ¢tc(u)}dxdt = J ¢(x,0)v0(x)dx (1.10)

Qp
1l 9 e Cl(QT) which vanish for x = 0,1 and t = T.

he plan of the paper is the following. In section 2 we prove the

:nce of a weak solution. This is done by approximating c and uO by

1ces of smooth functions {cn} and {uOn} such that cg > 1/n for all
For each n = 1, the equation (cn(u))t = U is now uniformly para-

and has a unique smooth solution u which satisfies (1.7) and the




nitial condition u(x,0) = uOn(X), 0 £ x £ 1. We then extract a subsequence
e which converges weakly in L?(O,T;Hl(o,l)) to an element u, which is then
hown to possess all the properties of a weak solution.

In section 3 we establish the uniqueness of weak solutions and a maxi-
um principle for the concentration c(u). Then in section 4 we discuss the
egularity of weak solutions.

Let v = c(u), where u has been chosen so that v ¢ C(éT). Suppose there
xists a point x e (0,1) ;uch that vo(x) <1 on [0,%) and VO(X) =1 on [i,l].
hen we show in section 5 that there exists a function z: [0,T] - (0,1) such

hat for each t ¢ [0,T]:

vix,t) <1 for 0 < x < ¢ (t)

vix,t) =1 for g(t) < x < 1.

hus, ¢ defines the interface in Problem I. Subsequently we derive a number
£ properties of this function T.

Finally, in section 6 we show that
v(x,t) > v(x) = c(u(x)) as t > =

here u(x) = 2x-1, uniformly on [0,1], and we give two estimates for the
ate of convergence.

It is a pleasure to acknowledge a number of fruitful discussions with

h. Clément and J. van Kan.

. EXISTENCE

We begin by approximating the function c in equation (1.6) by a sequence

f smooth, strictly increasing functions {cn}.
EMMA 1. Suppose c: [-a,») » [0,1] satisfies hypotheses Hla, b. Then there
xists a sequence {cn} c Cm(IU and a constant K > 0 such that

i) cn(s) + c(s) as n + « uniformly on bounded subsets of [-a,x);
ii) 1/n < cé(s) < Kon R for all n = 1;

iii) if ¢ is concave, then c;(s) < 0on R for alln=1.

ROOF. Let ¢: R -+ (-»,1] be a uniformly Lipschitz continuous extension of




R such that & e cl(-»,-a) and G'(s) = constant and positive for s < -a.
€ C;(IU be a nonnegative function such that p(s) = 0 for |s| 2 1 and

)ds = 1. Then for each n > 1, we set pl/n(s) = np(ns) and we define

cn(s) = ;11- s + J pl/n(r—s)g(r—i) dr. (2.1)
R

(o]
Yy c € C (R), and we assert that {cn} has the desired properties.
'he first property follows from the Lipschitz continuity of ¢ and the
| one from the monotonicity of ¢. Let A ¢ [0,1] and sl' 52 € R. Then,

~ 1
Cn‘A51+(1"A)52)=$;{Asl+(1_x)52}-+ J o (r—Asl-(l—X)sz)c(r=-;0dr

l{ks +(1 A)s }+ c(k(z+s ——ﬁ +

p1/ 1

.'3
\__ﬁ%

+(1-0) (z+s - 1)) az
n

:SH

;
>={2As +(1 A)s JEDN J pl/n(r—sl)g(r—-%Odr
R

+ (1-2) Jpl/n(r—sz)g(r—é)dr,
R

we have used the fact that if c is concave, it is possible to choose

:ension ¢ which is also concave. Thus
cn(ksl+(1—A)sz) > A Cn(sl) + (l—l)cn(sz).

c, € CW(IU this establishes the third property.

by a sequence of smooth functions {u. }. Set

lext, we approximate u on

0

- 2 - uo(—x) -1 < x <0
?O(x) = uo(x) 0<x<1
2 - uo(2—x) 1 <x <2
:fine for n =2 1:
2
uOn(x) = J pi/n(x—y)uo(y)dy 0 <x<1. (2.2)

1




IMMA 2. Suppose u,. satisfies hypotheses H2a,b and p € C;(IU is a non-

0
sgative function with support in [-1,1] such that fnzp(x)dx =1, o(-x) = p(x)
nd xp'(x) £ 0 for x ¢ R. Then the sequence {uon} c c”([0,1]) defined by

2.2) in which pl/n(X) = np(nx) has the following properties:

i) uOn(X) - uo(x) as n + « uniformly on [0,1];
P = - = n = n = > .
ii) uOn(?i) 1, uon(l) 1, uOn(O) uon(l) (1? for(;fl n=>1;
iii) if u and ué2) both satisfy H2a,b and uy " zuy" on (0,1], then
u(l) > u(z) on [0,1] for all n = 1.

On On
ROOF. Parts (i) and (ii) follow from the continuity of U, and the symmetry

. ~ ‘s . _ ~(1) _ ~(2) _ 1)y (2)
roperties of U and p. (iii) Define w = Uy uo and W= uOn uOn .
hen

2
- - < <
wn(x) J pl/n(x y)w(y)dy 0 <x <=<1.
-1

t is clear that wn(x) <0 if 1/n < x <1 - 1/n. Thus, choose x € (0,1/n).

hen we can write

rO x71/n
w (x) = J pl/n(x-y)w(y)dy + J pl/n(x—y)w(y)dy
x-1/n 0
x+1/n

! {Dl/n(x-y) - pl/n(X+y)}w(y)dy
0

v

0

n view of the asymmetry of w and the properties of p. Similarly, wn(x) > 0
)

. 1 2
or x € (1-1/n,1]. Hence uén > uén) on [0,1].

We now consider for each n ¢ N the problem

¥ = .
[cn<u)ut u_ in Q (2.3)
I(n) ju(0,t) = -1, u(l,t) = +1 for 0 <t <T
u(x,0) = uon(x) for 0 < x < 1.

'he properties of the functions c_ and uOn guarantee that Problem I (n)

241 = o
ique soluti c Q).
:as a unique solution u e (QT) nc (“T)




LEMMA 3. Let m = max{[uo(x)[: 0 <x <1} and L = ess sup{lué(x)l: 0 <x <1}
Then

lu (x,t)| £ M = max{m,1} and lu  (x,t)]
n nx

for all'n € N and all (x,t) e éT'

PROOF. The bound on u, is an immediate consequence of the maximum principle.
To obtain the bound on unx' we first derive a uniform bound on unX at the
parabolic boundary FT of QT. Let Iué! <L a.e. on (0,1), then it follows
from (2.2) that ]uénl < L on [0,1] for all n = 1. Now consider the functions
wi(x) = —-1+Lx. Then w_<u <w, on PT. Since w+ and w_ both satisfy (2.3)

n +

it follows from the maximum principle that w_ = u < W, in éT' and hence
]unX(O,t)l <L for 0 < t < T. In the same way we obtain that lunx(l,t)f

for 0 <t <T. Thus |lu | <L on T for all n > 1.
nx T

Next, we differentiate (2.3) with respect to x. Putting z = u s this

yields
zt = a(x,t)zXX + b(x,t)zX
-1
= v = 1 i
where a {cn(un)} and b (un)cn (un)unx. In view of the properties
of u and c_ it follows that a and b are uniformly bounded in QT, and
2 1 -
z (Q ) n C(O ). Hence, by the maximum principle

quiz(x,t)! < max|z(x,t)] < L

Op Ty

which proves the second estimate.

REMARK. By a slight modification of the proof of Lemma 3 one can prove the

following result: If ué(x) 268 >0 a.e. on (0;1) then
u (x,t) 268
nx
for all n € N and all (x,t) € QT'

- Set

w =u - u,
n n

2x-1 on [0,1]. Then 1t follows from Lemma 3 that {w } is

where u = u(x)

a bounded sequence in the space L (0,T; H (0,1)). Hence there exists a




ibsequence {wu} which converges weakly to an element w ¢ L2(O,T;Hé(0,1))

2t

u=w+u . (2

ren we shall show that u has all the properties required of a weak solut

Plainly u possesses the second property. Let us next turn to propert

i) . For convenience we write
vn(x,t) = cn(un(x,t)) neN (x,t) € QT.

IMMA 4. The sequence {Vn} is uniformly Lipschitz continuous with respect

> x and uniformly Hbélder continuous (exponent %) with respect to t in éT
Before proving Lemma 4, we establish an auxiliary result.

ROPOSITION 1. Let f ¢ cl([o,lj) have the following properties:

- b

i) |£'] <a on [0,1], (ii) If f(x)dxl < € for any a,b ¢ [0,1]. Then
a

|£(x)| < max{2e, V2ne} for 0 < x < 1.

1e proof is elementary, and we shall omit it.

coof of lemma 4. By Lemma 3, and the properties of {cn}:

lvnxl = lc;(un)]lunx! <KL in Q.

:nce, {Vn} is uniformly Lipschitz continuous with respect to x in éT'
Define the rectangle R = (a,b) x (tl't2) c éT' and integrate (2.3) o
. This yields

b t2

J {vn(x,tz) - vn(x,tl)}dx = J {unx(b,t) -u _(a,t) lat.

a t1

:nce by Lemma 3
b
.IJ {vn(x,tz) - vn(x,tl)}dxl < 2L|t2—t1!.

a

: now apply Proposition 1 with




f(x) = Vn(x't2) - Vn(x’tl)'

Since |f'| < 2KL, we may conclude that for ]tz—t small enough

|

/ L
Ivn(x,tz) - Vn(x'tl)l < 2VKL |t2—t1|

for all x ¢ [0,1].

It follows from Lemma 4 that the sequence {vn} has a convergent sub-

sequence, denoted again by {vu}, such that

v,*V as u-=>« in cs(éT), (2.5)

where B ¢ (0,1), and v € CO+1(§T).

LEMMA 5. Let u and v be defined in (2.4) and (2.5) respectively. Then

v = c(u) a.e. in Q .
(u) Or
PROOF. Define

D

{(x,t) € Op: v(x,t) < 1}

-
Il

{(x,t) € Qp: vVix,t) = 1}

(i) Let (xo,to) € D, and set 286 = 1 - v(x.,t.). Define Nr = {(x,t) € O_:

0" 0 =T’

Ix—xol + It—tol < r}. In view of (2.5) there exists a n, 21 and ap >0

such that

1 - 38 < vu <1-396 in N
for all u 2 no. For each n 2 1, we may write
Moreover, in view of the assumptions on c:

max{ [ (c_' ()]s n 2 1, c(-a)+s < 5 < 1-8) = C(8) < =

Hence, if we set IG = [c(-a)+§,1-6], then




-1

u -u | <C@®|v. v | + max |c
L 1Y serg M1
< C(6 - + C ¢
( )lvu vy I (%38) m

1 2 -a<

oY ul,ﬂ2 large enough. Hence {uu} is a Cauchy se
* -—
dre converges to an element u ¢ C(Np). In view o
nplies that v = c(u*) in ﬁp'
. 2
Note that as y + «, WU -~ w in L (QT) and hen
(o]
2t C. (N ). Th
o e O( p) en

(¢/UU)L2 > (¢,u)L2 as g >
y the weak convergence of {uu} and

(¢,uu) 5 7 (¢,u*) , as u>e
L L

y the uniform convergence of uu in ﬁp. Therefore

(6,) , = (6,u")
L L

* ]
u a.e. 1nZNp. |

or any ¢ € C;(Np) and hence u.

ad hence, because (xo,to) was an arbitrary point

ii) Let € > 0 and let
PE = {(x,8) e 9 vix,£) > 1 - el.

y (2.5) there exists an n, € N such that if p 2

1

v. > 1 - 2¢ in P .
u €

0 =clw ) 2cta-2e).
u U H

2t ¢ € CS(PE) be nonnegative. Then (2.6) and the
nply that

< lis |
Ho

(x)-c_(x) |,

in C(ﬁp), and there-

continuity of c this

-~ u in L2(QT).

= ¢(u) a.e. in Np

v = c(u) a.e. in D.

(2.6)

convergence of {uu}
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o
IA

. -1
llm(cb,uu cu (1-2¢))

2
L
-1
= (¢,u-c (1-2¢)) e
Thus L
u>c Y(1-2¢) a.e. in Ps} (2.7)

Because P c Pe for any € > 0, it follows that (2.7) holds in P for any € > O

and hence, letting € tend to zero we obtain
u=0 a.e. in P.

This implies that c(u) = 1 a.e. in P. Since v = 1 in P we have proved

that v = c(u) a.e. in P. This completes the proof of the lemma.

Thus by Lemma 5 and (2.5) u has property (i), and it remains to verify
that u has property (iii).

Let ¢ € C1(§T) be a test function, i.e. it vanishes at x = 0,1 and at
t = T. Then, because un is a classical solution of Problem I(n) we have

1
JJ {¢xunx-¢tcn(un)}dxdt = J ¢(x,0)cn(u0n(x))dx. (2.8)
Qp 0

If we pass in (2.8) to the limit through the subsequence {uu} and use (2.5)

we obtain
1

JJ {¢xux—¢tv}dxdt = J ¢(x,0)v0(x)dx.
Qnp 0

Since, by Lemma 5, v = c(u) a.e. in QT, it follows that u satisfies (1.10)

and hence possesses property (iii).

Thus the function u defined by (2.4) is indeed a weak solution of

Problem I. This completes the proof of the existence theorem:

THEOREM 1. Suppose that the function c satisfies hypotheses Hla,b and that

vO is such that there exists a function uo which satisfies H2a,b. Then there

exists a weak solution of Problem I.




. UNIQUENESS AND A MAXIMUM PRINCIPLE

In this section we shall establish uniqueness of the weak solution u
>fined in the previous section, and a maximum principle for the concentr

ion.

iEOREM 2. Let the function c satisfy hypotheses Hla,b. Then Problem I ha

* most one weak solution.

RO0F. Let u1 and u2 be two weak solutions of Problem I. Then if we subst

ite them into (1.10) and substract, we obtain the identity.

JJ [¢X(u1-u2)x - ¢t{c(u1)—C(u2)}]dxdt =0 (3

O

> all ¢ € Cl(éT) which vanish at x = 0, x = 1 and t = T. It follows fro
completion argument that (3.1) continuous to hold if ¢ is taken from th
ot Hl(QT) n C(QT) and vanishes at x = 0, x = 1 and t = T. Hence, for any

| € (0,71, (3.1) holds if we substitute

t
{J 1{ul(x,s)—uz(x,s)}ds 0<x=<1, 0<t<t,
¢<x,t)=Jt
10 0O<x<1, t <t<T
1d we obtain
1
5 J {¢X(X(O)}2dx + [J (ui—uz){c(ul)-c(uz)}dxdt = 0.
0 Q

ty

ince both integrals are nonnegative, it follows, that both must vanish,
1d hence that

t

;
L j {ulx(x,s)—uZX(x,s)}ds =0 a.e. on [0,1]. (3
0

Let us write w = u1 - u2, and let x(a,b) denote the characteristic
inction of the interval (a,b) ¢ R. Then utilizing the fact that t1 is
1 arbitrary point in (0,T], it follows from (3.2) that
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JJ X(Xl’x2)x(t1’t2)wdedt =0
‘bitrary intervals (xl,xz) c (0,1) and (t17t2) c (0,T). Hence wX =0
.n QT. Because, by property (ii) of weak solutions w € L2(O,T;Hé(0,1)),
mplies that w = 0 a.e. in QT, and hence that u1 = u2 a.e. in QT.
JARY. By Lemma 5, the uniqueness of u implies the uniqueness of the

1itration v = c(u) in‘éT.

iIM 3. Suppose the function c satisfies hypotheses Hla,b and v and

01
e such that there exist functions u01 and u02 which satisfy H2a,b.
and u, be the weak solutions of Problem I, corresponding to, respec-
7 v91 and Voo- Then, if Vo1 > Vo ©On [0,1], it follows that c(ul) 2c(u2)
‘n QT.
By (1.9)
c(u01(x)) > c(uoz(x)) on [0,1]. (3.3)
111 show that u01 and u02 can be chosen so that
>
u01(x) > uOZ(X) on [0,1]. | (3.4)
se at a point X, € (0,1),
u01(xo) < u02(x0)' (3.5)

.t follows from the monotonicity of c that
T <
C(u01(x0)) < c(u02(xo)).

w of (3.3) only equality can apply, and this is only compatible with
. > > 0.
if u01(xo) 2 0 and hence uOZ(XO) 0
‘hus (3.4) can only be violated at points in (0,1) where both u and

01
‘e nonnegative. However at these points we may modify Ugq and Ugyr

led they remain nonnegative and Lipschitz continuous. Thus, at points
u02 > 0, we redefine u02' so that u02 = 0, except for a sufficiently
interval (1-6,1]. Then, in view of the Lipschitz continuity of u

o1’
. achieve inequality (3.4).

et uin be the solution of Problem I(n) with initial value uOin

;2). Then by (3.4) and Lemma 2, u on [0,1] and hence, by

2 u

Oln 02n




. maximum principle

. .
Yin < Yon in Q

r every n 2 1. This implies, by the monotonicity of < that

[\

cn(uln) Cn(u2n) in QT

r every n 2 1 and hence, by (2.5) and Lemma 5,

c(ul) > c(u2) a.e. in QT.

icause c(ul) and c(u2) are uniquely determined by Vo1 and Vo2 the theorem

i proved.

REGULARITY

In this section we derive three results about the regularity of weak

vlutions of Problem I.

[EOREM 4. Let u be the weak solution of Problem I, in which c and VO satisfy

te hypotheses imposed in Theorem 1. Then u e L2(0,T;H2(O,1)).

e !
'OOF. Let ¢ € (0,%) and QT = (g,1-e) x (g,T]. Let u be the solution of
‘oblem I(n).Thenun € Cm(éé) and hence, if we multiply (2.3) by u and
tegrate over Q;, we obtain

|

1-¢

- T 1-¢
f 2 f 1-e 2
] —
} cn(un)untdxdt = J [u u_ ]l at + % unx(x,e)dx
£ £ €

-5 u2 (x,T)dx.
nx

2

R . + +1 -
this point we let € - 0 . Because u € C (QT) and unt(O,t) = unt(l,t)-—O

r £t € [0,T], we obtain in the limit

T 1 1

. 9 "
i < ]

J J cn(un)untdxdt <% J uOndx

0 O 0
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ause lcg(s)l <K for all s e R and n = 1,
rl

J[ u2 dxdt < %5 K J u'?dx.

nxx n

0
O 0
ering that u, and u . are uniformly bounded with respect to n in éT’
lows that the sequence {un} is bounded in L2(O,T;H2(O,1)). This implies
here exists a subsequence of {uu} which converges weakly to an element

(O,T;H2(0,1)). Plainly U = u.

n the region D, where v < 1, the equation is parabolic and u can be
to be a classical solution of Problem I. This is the content of the

ring theorem. We shall impose an additional condition on the function c.

he restriction of ¢ to [-a,0] belongs to Cz([—a,O]) and c" < 0.

M 5. Let u be a weak solution of Problem I, in which c and Yo satisfy
potheses imposed in Theorem I and Hlc. Then u is a classical solution

‘ation (1.6) in the region
D = {(Xlt) € QT: V(X,t) < 1}-

Let (xO,tO) € D. Then, because v ¢ C(QT), there exists a neighbourhood
) >‘ _ . _. .

of (fo,to) and a 61 0 such that v < 1 361_1n NO Since Vu -+ v as
in C(QT), there exists a Mo > 1 such that if y 2 uo

= > 1 - 26 in N_. 4.1
vu cu(uu) 1 0 ( )

ma 1 (i) there ekists a ul > 1 such that if y = ul
!cu(s)—c(s)| < 61 for s € [-M,M]. (4.2)

if pu = u* = max{uo,ul}, it follows from Lemma 3 that

c(uu) > 1 - 61 in NO. (4.3)
w of the fact that c € C2([—a,O]) and ¢' > 0 on [-a,0) (4.3) implies

*
tistence of a constant 62 > 0 such that if p =2 y

- MZ< uu < - 62 in NO. (4.4)




: now consider equation (2.3), writing it as

u = au(x,t)uxx, (4.5)

ere

-1
a (x,t) = {c'(u (x,t .
X ) u( u(, ))}
nce c' > 0 on [-a,0), there exists a 63 > 0 such that

c'(s) 2= 63 for s € [-M,—Sz]. (4.6)

Let c be a concave extension of ¢ to IR, as in Lemma 1. Clearly we

\y assume that ¢ e C2((—W,O]). Then for s € [-a,0]
1/n

+ J Dl/n(z){;'(s+z-%)—E'(s)}dz. (4.7)
-1/n

S

cﬁ(s)—c'(s) =

cause ¢ is concave, the integral in (4.7) is nonnegative and hence

for s € [-a,0]. (4.8)

S

c'(s) - c'(s) =
n

us, by (4.4) and (4.6) we have that if p > u*

63 < cﬁ(uu) < K in N (4.9)

d hence
1/K < au < }/63 in ﬁo.
Therefore (4.5) is uniformly parabolic and the coefficient au is

iformly bounded away from zero in N
O+1

if p is large enough.

0
- +1 -
By Lemma 4, v, € C (NO) and hence, in view of (4.9) uu € CO 1(N )

0
well. Therefore a € Co+l(ﬁo) and it can easily be verified that the

u
rm of au in CO+1(NO) is uniformly bounded with respect to u. By standard

gularity theory ([8], p.64) this implies that there exists a neighbour-

od N1 c NO of (xo,to) such that the solution uu of (4.5) belongs to

+1 -
(Nl)’ the norm being uniformly bounded with respect to u 2= u*. Hence

+ -
ere exists a subsequency of {uu} which converges in C2 “@M,) (0<ac<1)

1
2+1 -
1(N1)' It is clear then that u* = u a.e. in N, and

*
an element u € C 1

tisfies (1.6).
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lhereas the definition of a weak solution and Theorem 4 supply infor-
. about the dependence of u on x, we have as yet very little information
the dependence of u on t outside the region D. In the following theo-

+ partially fill this gap, however only at the expense of an additional

:ion on u..
- 0

ly € C2+Y([O,1]) (0O<y <1, ug(O) = ug(l) = 0 and

uS(x) > -k c'(uo(x)) on [0,1]

me k > 0, whenever uo(x) # 0.

M 6. Let u be the weak solution of Problem I in which c and VO are
hat hypotheses Hla-c and H2a-c are satisfied. Then there exists a

.on u*: éT -+ IR such that u* = u a.e. in QT and
* *
u (x,tl) -u (x,t2) > - K(tl—tz)

1 (x,t0)s (x,t,) € §T such that 0 < t. < t, < T.

2 2

Let un be the solution of Problem I(n) in which the initial function

1s been replaced by u,. Then u € C2+Y(§T) and hence

0

] - ”
cn(uo(x))unt(x,O) uo(x) on [0,1].
w of H2c and (4.8) this means that
unt(x,O) >-x on [0,1].

lateral boundaries we have unt(O,t) = unt(l,t) = 0, hence u ‘ > - K
: parabolic boundary FT of QT for evexry n > 1.
ince u € Cw(QT) we may differentiate (2.3) with respect to t. Writing

g, this yields the equation
_ 1 _ cn(un) 2
e c'(u) Tyex c'(u) d
n n n n

1
=o' (w) Ixx’
n' n




scause of the concavity of c,- Since g € C(Q ) and g > - k along PT it
T

>llows from the maximum principle that g > - k in éT’ i.e.
unt(x,t) > - K for (x,t) € éT’ n=>1. (4.

For any n =2 1 and (x,t) € QT we define
t t
wn(x,t) = un(x,s)ds w(ix,t) = J u(x,s)ds,

0 0

1ere u is the weak solution of Problem I. Since {uu} converges weakly to
1 L2(0,T;H1(0,1)) it follows that w_converges weakly to w in Hl(O,T;Hl(
it H1(O,T;H1(O,1)) is compactly imb;aded in C(QT). Hence wu converges st
7 to w in C(QT).

Next we define for n = 1

z (x,t) w (x,t) + %Kt2
n n

wix,t) + %Ktz.

z(x,t)
1en for each x € [0,1], it follows from (4.10) that

Zoee T Ype T K> 0
ance the function zn(x,-): [0,T] - R is convex for any n = 1 and any
e [0,1]. since z >z in C(QT) this implies that z(x,<): [0,T7] » R is
Lso convex for any x € [0,1]. Thus, the right derivative 8+z(x,t)/8t exi
>r all t € [0,T) and is nondecreasing with respect to t.
Now we define for (x,t) ¢ [0,1] x [0,T)

+

* 9 '
u (x,t) = 3 z(x,t) - kt.

*
learly u = u a.e. in QT. Moreover if 0 < t2 < t1 < T

u*(x,t1)+-Kt u*(x,tz) + kt

> .
1 2

> complete the proof we define

* 9
u (x,T) = 5{ z(x,T) - kT 0

IA
"

IA
-
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2 obtain, in view of the convexity of z(x,°*) for

“@T) 4 kT = 2T 2 L 2kt = w4
u (x, KT = Nt z(x, vy z(x,‘2 = u (x,t2 Ktz,
7er t2 e [0,T, and x € [0,1].

*
{. In what follows we shall often refer to u as the weak solution of
am I, in the cases that hypothesis Hla-c and H2a-c are satisfied.
. The convexity condition H2c imposed on u, is reminiscent of the
¢ity condition introduced by ARONSON [3] and, more recently KNERR [12],
crive an equation for the interface in the Cauchy problem for the porous
equation
u, = (um) xe R, t>0

XX

t

u(x,0) = uo(x) X € R.

‘o . m-1 .
ls problem the condition is: (uO (x))" > - k at points x € R, where

> 0.
i INTERFACE

.et u be a weak solution of Problem I and v = c(u) the associated

itration profile. As in the proof of Lemma 5 we set

S
il

{(x,t) € Opi v(x,t) < 1}

~
I

{(x,t) € Qi Vix,t) = 1}.
immediately clear from Lemma 3 that
-1 -1
(0,L 7)x(0,T] D and [1-L ~,1)x(0,T] < P. (5.1)

ich t € [0,T] we define

z (t) sup{x € (0,1):(€,t) € D for all £ € [0,x)}

c+(t)

inf{x ¢ (0,1):(£,t) ¢ P for all £ € (x,1]}.




ien, in view of (5.1),

<) <t < 1-u7t for 0 < t < T.

In this section we shall show that if ¢ (0) = c+(0), then z (t) = C+(t)
>r all t ¢ [0,T], and hence, that there exists a function z: [0,T] - (0,1)
ich that

S
I

{(x,t): 0 <x<z(t), O0<t<T} (5.2)

~
Il

{(x,t): g(t) <x <1 0 <t < T} (5.3)

1is function ¢ will be called the interface. Having proved its existence,

2 shall derive a few properties.

JEOREM 7. Let the hypotheses Hla-c and H2a,b be satisfied. Suppose
“(0) = C+(O). Then there exists a function t: [0,T] > (0,1), such that

and P are given by (5.2) and (5.3).

ROOF. Clearly it is enough to prove that C—(t) > c+(t) for t € [0,T]. Thus,
ippose to the contrary that for some T ¢ (0,T], C_(T) < C+(T). Then, since

%, € [T (1), C+(T)] such that x, < x

€ C(QT), there exist numbers x . ,

2
(xl,r) = v(xz,T) = 1 and V(XfT)1< 1 on (xl,xz).

For € > 0, let I€ denote a subinterval of (xl,xz) in which v < 1-¢,
ad let G€ be the component of the set {(x,t) ¢ QT: v(x,t) < 1-¢} which is
>nnected with Is' Finally let Pe denote the part of the boundary of Ge for
1ich t < 1. It follows from the continuity of v that Is' GE and Pe are non-
npty for € small enough.

Let PT denote the parabolic boundary of QT. Then, for e sufficiently

nall, we distinguish the following two cases:

i) Tgn FT = @. Since v € C(§T), this implies that v re = 1-e. Moreover,

acause Ge c P, it follows from Theorem 5 that in Ge’ v satisfies the equa-
ion
-1
v, = (c (v))XX
1 a classical sense. Here, c—1 denotes the inverse of ¢, which is well-
2fined for the values taken on by v in ée.

Let min_ v(ix,t) = v(xo,to) < 1-e. Then because v!r = 1-¢, (x ,to)

(x,t)eG€ € 0
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cher an interior point of G€ or it lies on a segment of the line t = T,
is part of the boundary of Gs' In both cases we can apply the maximum
iple {[16], p.169, Theorem 2} to show that v(x,to) = v(xo,to) < 1-¢ for

on the line segment t=t_ which lies in Geand contains the point(xo,to)

0 ,
ly this contradicts the fact that v = l-e. Therefore Vla > 1-e and

Té e

cticular v|I 2 1-e. Thus we arrive at a contradiction.
€ ~ o~
?e n FT # @. Since v] = 1-¢ there exists a point (x,t) ¢ FT n Fe

I'eNQp

‘hat v(x,t) = 1-e. Because v(0,t) = c(-1) and v(1,t) = 1, t ¢ [0,T],
lLlows that for € sufficiently small, t = 0 and X € (0,z(0)). By assump-
o < 0 on [0,z(0)). Hence there exists a § > 0 such that Vo(x) < 1-6
x].

set ZE denote a curve in Gs which connects (§,O) with an arbitrary

(x3,T) of Is' Plainly vlZE < 1-§. Then, we consider the domain D en-

1 by the arcs

£1={(x,t): t =0, 0 < x £ x}
£2={(x,t): x = 0, 0 <t <T}
£3={(x,t): t=rm, 05xsx3}

B

.- Let {vu} be the sequence which converges to v in C (QT) (cf. (2.5)).
:here exists a u* > 1 such that if u = u*, v, < 1-68/2 on Kl u £2 U EE.
1 follows from the maximum principle that vu < 1-6/2 in D and in par-
ir in the point (Xl,T). Hence v(xl,T) < 1-§/2 < 1, and we have again

1ed a contradiction.

‘n what follows, we shall always assume that C_(O) = C+(0), and that D
are given by (5.2) and (5.3).

n D the weak solution u is a classical solution of equation (1.6) by
m 5., If u0 satisfies the convexity condition H2c, we can say in addi-

chat u, is continuous up to Z(t).

M 8. Let u be the weak solution of Problem I, in which ¢ and v0 are

:hat hypotheses Hla-c and H2a-c are satisfied. Then for each tO e (0,T]

lim u (x,to) exists.
x+§(to)

Consider the sequence {wn} defined by




' 2
w (x,t) =u (x,t) + Ler{x-c(t)}7,

ere un is the solution of Problem”I(n) (with uOn replaced by uO). Then,

7 the proof of Theorem 6

w =u + kK > k{-c'(u )+K} = 0.
nxx nxx n' n

it (xO,tO) e D. Then, by the proof of Theorem 5, wuxx(xO'tO) +-wxx(x0,t0)

5 4 2> o and hence
wxx(xo,to) >0 0 < xO < C(to).

By Lemma 3 it follows in a similar manner that

wX(xo,tO) <L + kK 0 < xO < ;(to).
erefore
lim u (x.,t.) = lim w (x.,t.) exists.
x 00 0" 0
x0+§(to) x0+c(t0)

In the next theorem we discuss the nature of the weak solution u in
l1e saturated region P.
IEOREM 9. Let u be the weak solution of Problem I in which c and Yo satisfy
1@ hypotheses of Theorem 1. Suppose that r(t) is continuous on an interval

i,b) < (0,T]. Then

_ g—c(t)

utet) =T

z(t) < x <1 (5.4)
most everywhere on (a,b). If in addition hypotheses Hlc and H2c are satis-

ed, (5.4) holds for all t € (a,b).

00F. Define the set A = {(x,t) « O z(t) < x <1, a <t < b}. This set
; open because T € C(a,b).

| Let ¢ € C;(A). Then, because c(u) = 1 in A, the integral identity
..10) yields

0 = J

J {¢XuX - ¢t}dxdt = jj ¢ u dxdt.
A A
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By Theorem 4, u € L2(0,T;H2(O,1)). Hence

[[ ¢u dxdt = 0.
XX
A

Thus u = 0 a.e. in A from which (5.4) follows almost everywhere on (a,b).
Next, we assume that Hlc and H2c are satisfied. By the first part of
the theorem there exists a set E, which is dense in (a,b), where (5.4) holds.

Let t0 € (a,b)\E. We shall show that (5.4) also holds for t = to.

Let {tn} cEn (a,to) be such that t >tjasn > Let xe¢ (C(to),l).

0
Then by the continuity of g, x € (C(tn),l) for n large enough and hence, by

Theorem 6 and (5.4):

x-C(tn)

u(x,t,) 2 ———
0 1—;(tn)

- K(toltn) °

If we now let n tend to infinity we obtain

x—c(to)

u(x,to) > IEFC—J

. (5.5)

Next, suppose there exists a point Xy € (c(to),l) at which we have

strict inequality in (5.5), i.e.

x,~¢(t.)
-1 0
u(xl,to) = 1"C(t0) + €

vhere € > 0. Let {tm} c (t.,b) n E be such that t >ty as m > = Then by

0
fheorem 6 and (5.4) for m large enough

0

xl—C(tm) X, =T (ty)
1-z(t) 1- C(to)
m

+ € = K(tm—to).

setting m tend to infinity, we obtain a contradiction.

To complete this section we derive a few regularity properties of the

interface z(t). We begin with an auxiliary lemma.

.EMMA 6. Let hypotheses Hla-c and H2a,b be satisfied. Let (xO,tO) e P and

suppose that there exists a positive constant o such that

Ka(xo,to) = {(x,t)eQT: t=to—a(xo—x), 0 < x < xo} c D,




en there exist positive constants B and m such that

am(xo—x)
u(x,to) < p{1-e }

. Then,

OOF. Let D denote the open triangle enclosed by x o, ﬂa and t = t

0
cause u < 0 on Ka' it follows from Theorem 7 that u < 0 in D, whence, by

eorem 6 u is a classical solution of the equation

- ! = i
uXX c (u)ut 0 in D.

m{t-t +a(xo—x)}],

fine the function u(x,t) = Bll-e 0 where B and m are posi-=

ve contants, which we shall select in due course. We have

m{t-t +a(x0-x)}

w _ -—c'(u)w, = {—(am)2+c'(u)m}e 0
XX t
m{t-t_+a(x_ -x)}
< {-(am)2+Km}e 0 0
<0

. 2
* we choose m > K/o".

Along ﬂa we have w = 0 and along {x=0}

m(t—to+ax0)

w(0,t) Bl1-e ]

mox
B[ 1-e 0

I\

]

r B sufficiently small.

Set z = w-u. Then

- ' < i )
zXX c (u)zt 0 in D
id z = 0 along the parabolic boundary of D. Let De c D be the triangle

iclosed by x = 0, Ka and t = t,-€, where € € (O,axo). Then, by the maximum

rinciple, z =2 0 in 5€ and in particular
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— < -
u(x,tO g) < w(x,tO €) for O

IA
b
A

xo—e/a.
or

v(x,to—e) < c(w(x,to—e)) for O

IA
]
IA

xo—e/a.

If we now let € tend to zero and use the fact that v ¢ C(QT), we obtain

v(x,to) < c(w(x,to)) for 0 £ x £ x

from which the result follows.
We are now in a position to prove the first regularity result.

THEOREM 10. Let the hypotheses Hla-c and H2a-c be satisfied and suppose
is continuous on (O,T)\{tl,...,tN} (tk e (O,), k=1,2,...,N), such that

c(t) = lim t(t) and C(t;) = 1im z(t) kK =1,2,...,N
t+tk t+tk

exist. Then ¢ is continuous on (0,T). If C(T—) exists, then ¢ € C((0,T]).

= +
PROOF. Let ti € {tk}. Since v € C(QT) it follows that (C(ti ),ti) e P, and

hence

. - +
c(ty) < min{c(t)), Tt} (5.6)
(i) Suppose C(tz) < ;(t;). Then, by (5.6)
C(ti) < E(ti). (5.7)

Since ¢ is continuous on (ti_ ’ti) (or (O’tl) if i = 1), there exists a

1
constant o > 0 such that Ka(C(t;),ti) c D. Hence by Lemma 6, C(t;) = C(ti)
which contradicts (5.7).

(ii) Suppose

T(t]) < C(t;). (5.8)

> t > o,
Let {Tn} c (ti—l'ti)’ such that T ; @ n > «. Then, because { « C(ti—l'ti)

we obtain, using Theorems 6 and 9:

x—C(Tn)

u(x,t) 2 ——
1-C(Tn)

- k(t-1 ) (5.9)
n




ix e lg(rt),1] and t 2 1_. Let {1 } c (t.,T) such that T - t. as m - .
n n m i m i

len (5.9) implies that

C(Tm)-C(rn)

ity <)

: C(Tm) > C(Tn). In view of (5.8) this will be the case of m and n are

irge enough. Hence if we let m and n tend to infinity we obtain

+ -—
C(ti)—C(ti)

0z ————,
1=z (t,)

1ich contradicts (5.8).

Thus, ;(t;) = c(t;) whence ¢ is continuous at t = ti' it follows that
€ C(0,T).

Finally, if C(T—) exists, it is clear that z(T) < Q(T_) and it follows

rom the argument given in case (i) that in fact ¢ (T) = C(T_).

In Theorem 10, we assume a certain degree of regularity of the inter-
ice £, and we proved on the basis of this a stronger regularity result.
. the following theorem we shall make no initial regularity assumptions
out . Instead we impose a monotonicity assumption on uo.
[EOREM 11. Let hypotheses Hlajc and H2a-b be satisfied, and let vy be such
\at u, can be chosen to satisfy the condition ué(x) 2 § >0 a.e. on (0,1).

0
ten ¢ € c(L0,T]).

OOF. It follows from the remark after Lemma 3 that U, =96 in éT

r all n > 1. Hence u > § in D,

Let T € [0,T], and xlpa € (0,z(t)) such that Xy > X, Then

u(xl,T) u(x?,T) > d(xl-xz),

d therefore

A

u(xz,T) < - 6(x1—x2) + u(xl,T) < - 6(x1—x2),

v(x.,T) < c(—5(X1—x2)).

2

nce, if we let x1 tend to £ (T), we obtain in view of the continuity of c.




V(xz,T) < C(-G(C(T)—xz)) 0 < x, < z(T).

Now suppose [ is discontinuous at t = to. Then there exist a

e > 0 and a sequence {tk} c (0,T) such that tk > t0 as k > o with

erty

lze) -t 2e>o0 for all k > 1.

Let {tk,} and {t _,} denote the elements of {tk} such that

kll
C(tk,) < C(to) - €
and

C(tk") 2 C(to) + £.

Suppose tk' - t0 as k' » », In view of (5.11)

V(C(to) - g,t ) =1 for all k°

kl
and hence

V(C(to) - E,to) =1

which is impossible in view of the definition of c(to).

Next, suppose that tk" -+ tO as k" -+ », By (5.10) and (5.12) w

for each k"

V(C(to),t ) < c(=6(z(t ) - C(to)))

k" k"

< c(-8¢).

Hence, letting k" tend to infinity we obtain

v(c(to),to) < c(-6g) < 1
which is again incompatible with the definition of C(to).
6. BEHAVIOUR AS t - «

Consider the stationary problem corresponding to Problem I:

27

.10)

int

cop-

11)

. 12)




Ju =0 0<x<1
XX

u(0) = -1; u(l) = 1.
ainly the unique solution u of this problem is given by
G(x) =2x - 1 0 <x < 1.

this section we shall show, that if u is a weak solution of Problem I,

en

c(u(x,t)) = c(ﬁ(x)) as t > o,

iformly with respect to x ¢ [0,1]. In addition we shall derive estimates
r the rate of convergence, first in terms of a weighted Ll—norm and then
terms of the supremum norm. Finally, if ué > § >0 for some § > 0, we

all show that

T(t) - % = o(|c'1(1—Ke_At)|) as t » «,

ere X and K are constants defined in Theorem 13.

MMA 7. Let u, and u, be weak solutions of Problem I, corresponding to the

1
. . ] > N 3 .
itial values VOl’ respectively VOZ. Suppose v01 4 vo2 and the conditions
" the maximum principle (Theorem 3) are satisfied. Then
1 1
n(x) (e (u, (x,£)) = (u, (6 £)) Jax < | nix) {v . (x)-v,. (x) }ax e'"zt/K
1 27 - J 01 02 :
0 ’ 0
t 2 0,
ere n(x) = sin mx.

OOF. Let un1 and un2 be the solutions of Problem I(n) with initial values

ni and u0n2' As we saw in the proof of Theorem 3 it is possible to choose

S S . .
1 and Ugo such that Uon1 = Ypn2 for all n =2 1. Subtracting the equation
ru from the one for u we obtain
“nl n2
{cn(unl)—cn(unZ)}t - (unl—unZ)xx in QT' (6.1)

multiply (6.1) by n(x) = sin m x and we integrate over (0,1). This yields




However, bec

for each n 2

Hence, writi
?(

we obtain

@l

and therefor

®(

Passing to t

THEOREM 12.
weak solutio
stant C, whi

1

|

0

vhere u(x) =

PROOF. Defin

and such tha
H2a.b. This
of Problem I

have in Q
QT

29

, 1
2
n(unl)-—cn(unz)}dx«— ﬂ J n(unl—unz)dx (6.2)
0
) i > >
y construction uOnl u0n2' and hence un1 un2 we have

- cn(u n2).

< -
n2) - K(unl u

Tr2
- —K—. o(t)
2
‘(0)e~“ t/K.

it we obtain, in view of Lemma 5 the desired estimate.

e conditions of Theorem 1 be satisfied, and let u be the

roblem I with initial value vo. Then there exists a con-

y depends on Vo’ such that

2
(u(x,t)) - c(@E))|ax < ¢ & ™ ¥/K t >0 (6.3)

+ —
initial values VO and VO such that

{VO,C(E)}

+ -
e exist corresponding functions uO and uo which satisfy

+ -—
arly always possible. Let u and u be the weak solutions

+
ating from v 0

0’ respectively v

. Then, by Theorem 3, we




cuh) max{c (u) ,c(u)}

v

IA

c(u ) min{c(u),c(u)},
d hence

lc(u)—c(ﬁ)! < c(u+)—c(u—).

mma 7, applied to the solutions u+ and u now yields (6.3).

The integral estimate obtained in Theorem 12 can readily be turned
to a pointwise estimate by means of Lemma 3 and the following propositic
1 , ,
OPOSITION 2. Let £ € H (0,1) have the following properties:

)  £(0) f(1) = 0 and £(x) 2 0 on (0,1);
i) |£'] £ A a.e. on [0,1] and

ii)[lf(x) sinmxdx < €. Then
0

]f(x)[ < C§A2€)1/3 for 0 < x

2 (6.

IA
—_

leave the proof to the reader.

EOREM 13. Let the conditions of Theorem 1 be satisfied, and let u be the

ak solution of Problem I corresponding to the initial value Vo Then

lc(uix,t)) - cu(x))]| < Ke 't 0

IA
»

IN
[N

t >0, (6.

1/3
ere K = (%K2 (L+2)2C)

and X = ﬂ2/3K.

OOF. Define

w(x,t) = [c(ulx,t))-c(u(x))]|.

en w(-,t) satisfies the hypotheses of Proposition 2, with A = K(IL+2) on

+®). Thus (6.5) follows from Theorem 12 and Proposition 2.

‘We conclude this section with an estimate for the behaviour of C(t)
t &> oo,

EOREM 14. Let Hla-c and H2a,b be satisfied, and let VO be such that uO

n be chosen so that ué(x) 28 >0 a.e. on (0,1). Then there exists a
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int p > 0 such that
Iz 5] < plc ke ™ | t> 0.

. Fix t > 0. Suppose g(t) = %. Then, because u > § in D we obtain
v(k,t) < c(8(s-zT(t))). (6.6)

> other hand, by Theorem 13

vik,t) = vk) - Ke’lt, (6.7)

v = c(u). Thus (6.6) and (6.7) together imply
-At
c(8(k-z(t))) 21 - Ke
g(t) - % <- %—c~1(1—Ke—At). (6.8)

assume that g(t) < %. Then, by Theorem 13

v(Z(t),t) - v(z(t)) < Ke *F

T()) =1 - Ke Mt

ierefore

L(t)-% > he L (1-Ke %) (6.9)

g p = max{%,'%} we obtain from (6.8) and (6.9) the desired estimate.
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